Abstract-Vibration measurement of a rotary shaft is essential for the diagnosis and prognosis of industrial rotating machinery. However, the imbalance of a shaft, as quantified through vibration displacement, is the most common cause of machine vibration. The objective of this paper is to develop a novel technique through electrostatic sensing for the online, continuous and noncontact displacement measurement of a rotary shaft due to imbalance faults. A mathematical model is established to extract useful information about the shaft displacement vibration from the simulated signal in the frequency domain. Experimental tests were conducted on a purpose-built test rig to measure the displacement vibration of the shaft. An eccentric shaft was tested with the output signal from the electrostatic sensor analyzed. The effectiveness of the proposed method is verified through computer simulation and experimental tests. Results obtained indicate that the measurement system yields a relative error of within ±0.6% in the displacement measurement.
I. INTRODUCTION
V IBRATION measurement of rotary shafts plays a significant part in the condition monitoring of rotating machinery. A variety of mechanical defects, such as shaft imbalance, coupling misalignment, and bearing deterioration, may give rise to excessive vibrations that cause machine failure. Imbalance is the most common cause of vibrations of rotating machines. In practice, shafts can never be perfectly balanced because of manufacturing errors such as porosity in casting, nonuniform density of material, manufacturing tolerances, and gain or loss of material during operation. An unbalanced shaft makes it more susceptible to high-amplitude vibrations that cause noise and incorrect functionality and thus reduces the lifespan of the machine.
There is a range of techniques available for shaft vibration detection through the measurement of displacement, velocity, or acceleration [1] - [4] . However, in certain cases where the mass of the machine casing is much greater than that of the shaft or rotor, conventional contact type sensors such as accelerometers and velocity transducers may not be suitable The authors are with the School of Engineering and Digital Arts, University of Kent, Canterbury CT2 7NT, U.K. (e-mail: kr314@kent.ac.uk; y.yan@kent.ac.uk).
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for detecting the vibration of the shaft [3] . Noncontact type sensors are desirable in such cases. Several types of proximity sensors based on eddy current, ultrasonic, capacitive, or inductive principles are often used to measure the relative vibration of a rotating shaft [5] , [6] . Recently, a number of new methods have been proposed for shaft vibration detection. Tong et al. [7] designed a reflective intensity-modulated noncontact optical fiber sensing system to detect the radial vibration of high-speed rotating machinery. Vyroubal [8] identified the vibration signature using optical sensors through spectral analysis of phase-modulated light pulses. Okabe and Tanaka [9] described an ultrasonic sensor-based method for shaft vibration detection by measuring the propagation time of the ultrasonic wave from the sensor to the shaft surface. Sophisticated optical sensors can be designed to operate in a harsh environment and can perform noncontact displacement measurement with high sensitivity and resolution. However, such devices are prohibitively expensive for routine industrial applications. Much more recently, Wang et al. [10] employed electrostatic sensors for the vibration detection of rotating machinery. Later, they proposed a method for the radial vibration measurement of a shaft using electrostatic sensors and Hilbert-Huang transform [11] . However, both methods were based on the amplitude of the output signal resulting from electrostatic charge on the surface of a rotating dielectric shaft, assuming that the only factor affecting the amount of induced charge, and hence, the signal amplitude is the distance between the electrode and the shaft. Nevertheless, the electric charge level on the dielectric shaft surface depends significantly on environmental conditions and consequently the signal amplitude varies with environmental factors such as ambient temperature and relative humidity [12] , [13] . As a result, these methods cannot be used to achieve an absolute displacement measurement due to the uncertain amount of charge on the shaft surface. Moreover, these methods work only on dielectric shafts and require an array of sensors to be installed around the shaft, making the sensor installation practically difficult. This paper presents a novel technique to measure the vibration caused by an unbalanced shaft by applying a magnitudeindependent method in the frequency domain with the use of electrostatic sensors. The proposed method is based on the frequency properties of the sensor signal, rather than its amplitude to quantify the shaft displacement. This method and, hence, the measurements are independent of the level of the accumulated charge on the shaft surface, which makes the measurement system more stable and reliable in harsh industrial environments. In addition, the proposed technique can work on metallic shafts and uses only a single electrostatic sensor. The shaft imbalance detection method along with preliminary experimental results was presented at the 2018 International Instrumentation and Measurement Technology Conference [14] . This paper presents in detail the principle of the vibration displacement measurement of an unbalanced shaft along with experimental results. Mathematical modeling of the sensing system is also established to study the frequency response characteristics of an eccentric metallic shaft. Fig. 1 shows a simplified physical model of the electrostatic sensing system for displacement measurement. The physical model consists of a metallic shaft, electrically isolated point charges fixed on the shaft surface (e.g., points M and N), an electrostatic electrode, and associated signal conditioning circuit.
II. MEASUREMENT PRINCIPLE
A small electrostatically charged marker made of electret film with an area of 4 mm 2 is fixed on the metallic shaft. The marker simulates a point charge on the shaft surface. An electrostatic sensor consists of an insulated electrode with a suitable charge detection circuit can detect the charge on the marker and generate an output signal through electrostatic induction. Wang and Yan [15] show that the frequency response of the sensor output depends primarily on the circular trajectory diameter D of a rotating point charge fixed on the shaft surface (points M or N in Fig. 1 ), the distance s between the point charge and the electrode, and the angular speed of the shaft. For a given point charge on the shaft, the rotational motion results in a circular trajectory of the point charge.
In the case of a normal shaft, the shortest distance between any rotating point on the shaft and the electrode is constant, as is its trajectory diameter, which is equal to D. While each point on an eccentric shaft rotates along a different circular trajectory and results in a variation in the distance s. By analyzing the frequency response of the output signal, the displacement and, hence, the imbalance of the shaft can be quantified. When n identical markers (e.g., M 1, . . . , M 8 ) are fixed around the shaft, the output signal is then composed of n pulses corresponding to the n markers, as shown in Fig. 2 .
It is worth noticing that the markers M 1 and M 5 correspond to the shortest and longest distance from the shaft surface to the electrode, respectively (points M and N in Fig. 1 ).
It can be seen from Fig. 2 that the distance between M 4 and the center of rotation is equal to that between M 6 and the center of rotation. Similar dispositions exist with respect to points M 3 -M 7 and M 2 -M 8 . Consequently, the pulses resulting, respectively, from M 6 , M 7 -M 8 , and M 4 , M 3 -M 2 are identical. Therefore, it would be sufficient to analyze the first five pulses (M 1 -M 5 ) which are distributed over the semicircumference of the shaft. The output signal is first decomposed in the time domain into single pulses corresponding to the markers fixed on specific locations around the shaft. The corresponding spectra are plotted in Fig. 4 . However, the decomposition should be performed under the assumption that the pulses resulting from the markers (point charges) do not overlap with each other. Accordingly, the number and arrangement of the markers should be well defined in order to satisfy this condition. The number and arrangement of the markers around the shaft depend primarily on the shaft diameter, angular speed to be measured and the size of the markers. Fig. 4 shows that, when a point charge on the shaft surface rotates closer to the electrode (e.g., M 1 ), the frequency at the spectrum crest ( f sc1 ) has a higher value than that of a point charge rotating farther to the electrode. When a point charge rotates closer to the electrode, the electrode covers a smaller area of the electric field, and the induction occurs for a shorter period and subsequently gives rise to a signal of higher frequency. As a result, the closer the distance between the electrode and the shaft surface, the more the induced charge on the electrode and the higher the frequency.
The magnitude frequency response of the decomposed output signals (Fig. 3 ) due to different point charges on an eccentric shaft (different displacements), rotating at a constant speed, shows different frequencies at the peak of spectra or the frequency at the spectrum crest ( f sc ) (Fig. 4) . Therefore, the displacement can be derived from f sc .
III. MATHEMATICAL MODELING OF THE SENSOR

A. Mathematical Model of the Sensor
A mathematical model of the electrostatic sensing system for the rotational motion of an electrostatic point charge should be established in order to study the sensing characteristics of the sensor. From the developed model, we can derive an analytical relationship between the displacement s and the characteristics of the sensor in the frequency domain. Fig. 5 shows an overview of the sensing arrangement in the mathematical modeling. The circle C in Fig. 5 indicates a cross section of a metallic shaft with a diameter D, on which an electrically insulated point charge is fixed. The rotational motion of the point charge at angular speed ω creates, in effect, an impulse input to the sensing system. A strip-type electrode with dimensions L × W, made on a small printed circuit board (PCB) with adequate insulation together with grounding around the electrode, can be regarded as a piece of perfectly conductive metal and is placed at distance s from the shaft. Based on Gauss's law, the total induced charge Q on the surface of the electrode due to the rotating charge q on the shaft is given by [15] Q(t)
Then, expression (2), shown at the bottom of this page, is obtained. Taking D as the basic dimensional unit in the sensing system and W , L, and s can all be normalized with reference to D, the total charge Q(t) is obtained in (3) , shown at the bottom of this page, where
If the electrode is connected to a signal conditioning circuit, as shown in Fig. 6 , that converts the induced charge into an induced current, then the actual current output I s (t) of the sensor is thus,
B. Impulse and Frequency Response of the Sensor
A point charge approaching toward the electrode along a circular trajectory from infinity is equivalent to an impulse input with amplitude q [i.e., qδ(t)] to the sensing system, thus the impulse response h s (t) of the system [ Fig. 7(a) ] is given by
The frequency response of the sensing system [ Fig. 7(b) ] can be determined from the Fourier transform of the impulse response h s (t)
By substituting h s (t) in (5) into (6), the amplitude of the frequency spectrum can be written as
Equation (7) implies that the amplitude of the spectrum is a function of the angular speed ω, the diameter of the shaft D, and the distance s between the shaft surface and the electrode.
C. Displacement Effect on the Frequency Response
The effect of the displacement on the frequency response is investigated for a strip-shape electrode [16] , using different point charges, with the same magnitude, and rotating along circular trajectories of different diameters [ Fig. 8(a) ]. Subsequently, different trajectories result in different distances to an electrode (displacement), which is located at a fixed distance from the rotation center. Fig. 8(b) and (c) shows the signal outputs of the electrostatic sensor and the corresponding normalized spectra for two different point charges rotating at ω = 12 rad/s, which is equivalent to 115 r/min. Fig. 8(c) illustrates the output signals in the frequency domain, indicating the effect of the displacement on the frequency characteristics of the sensor. It can be noted that a shorter distance between the electrode and the circular trajectory of the point charge results in a more induced charge on the electrode and hence higher signal amplitude [ Fig. 8(b) ]. Moreover, a shorter distance yields a wider bandwidth and a higher frequency at the maximum amplitude [ Fig. 8(c) ], suggesting that the point charge being within the sensing region of the electrode for a shorter period of time at a constant angular speed.
D. Characteristics of an Unbalanced Shaft 1) Vibration of an Unbalanced Shaft:
In general, all rotating machines produce some form of vibration is a function of the machine dynamics such as imbalance, misalignment, bearing deterioration, and mechanical looseness [17] . There are three main parameters used to evaluate the vibration characteristics of any dynamic system: displacement, velocity, and acceleration [18] , [19] . Imbalance is the most common mechanical fault and source of vibration in rotating equipment. Shaft imbalance is a condition in which the center of mass of the shaft is not coincident with the center of rotation. A static imbalance is a condition of imbalance where the central principal axis of inertia is displaced in parallel with the axis of rotation, as shown in Fig. 9 . This paper is concerned with the static imbalance fault that can be determined from the radial vibration of the shaft through instantaneous displacement measurement of the shaft surface with respect to a nonmoving reference point.
2) Modeling of the Displacement Due to Static Imbalance of a Shaft:
The vibration due to shaft imbalance can be determined through the displacement measurement of the shaft surface with respect to a fixed position (the sensor). However, it is essential to establish a mathematical model of the shaft displacement. Fig. 10 shows the geometrical model of an unbalanced shaft in rotational motion when an electrostatic sensor is used. The simulation results from the mathematical model of the shaft displacement will be used in the regression analysis in order to develop an estimated regression equation, which gives the displacement as a function of the frequency at the spectrum crest ( f sc ). In addition, the modeling results will be used to evaluate the accuracy of the regression model. The model is established with the following assumptions.
1) An electrode is placed on the y-axis, at distance (R 0 +s 0 ) from the x-axis. The position of the sensor is considered as a fixed reference.
2) The circle with diameter 2R 0 represents a cross section of a metallic shaft. 3) The rotation center O of the circle is offset from the geometric center O by the distance e. 4) The rotational motion of the circle about the center O simulates an unbalanced shaft. 5) The shaft and, hence, the circle are rotating at a constant angular speed ω = θ/t. 6) The displacement s is the distance between the shaft surface and the sensor. 7) The eccentricity e with respect to the radius R is relatively small (e R). From Fig. 10 , R 0 is given by
Rearranging (8) R = e cos θ + e 2 cos 2 θ − e 2 + R 2 0 . As the sensor is located at a fixed distance from the x-axis, then
By substituting R from (9) to (10), the shaft displacement with respect to the sensor position can then be determined by
As e R, then the displacement can be approximated by
Since θ = ωt, (12) can be rewritten as
where S 0 denotes the distance between the sensor and the normal shaft and e denotes the eccentricity of the shaft. Equation (13) implies that the displacement of an unbalanced shaft with respect to a fixed position could be approximated to a sinusoidal waveform, as illustrated in Fig. 11 . 
E. Estimation of the Displacement Function of an Eccentric Shaft
Equation (7) defines the spectrum of the output signal as a function of ω, s, and D. For a rigid shaft supported on rigid bearings, the shaft displacement is independent of the shaft angular speed [3] . Wang and Yan [15] demonstrate that the bandwidth is proportional to the angular speed. Subsequently, the frequency at the spectrum crest f sc has a linear relationship with the angular speed. Moreover, the diameter D of each point on the eccentric shaft has a direct relationship with the displacement (D + s = K), where K is a constant (Fig. 1) . Thus, the frequency of the spectrum crest f sc can be normalized to the angular speed and can be expressed as a function of the displacement s From (14), the displacement could be determined analytically as a function of the normalized frequency of the spectrum crest
The frequency at the spectrum crest is determined where the spectrum amplitude slope is equal to zero
However, the analytical solution to (16) is very complex, a polynomial regression analysis is thus used instead to estimate the relationship between the two variables, the displacement s and the normalized f sc (Fig. 12) . From Table I , the displacement s can be estimated as
where p 0 = 0.00916, p 1 = −0.006206, p 2 = 0.001786, p 3 = −0.0001922, and f sc⊥ = ( f sc /ω).
For an eccentricity of 0.5 mm (δ e = 1/120) and ω = 100 rad/s (955 r/min), the displacement fluctuation is 1 mm, resulting in a variation in f sc of 100 Hz (simulated result). Hence, the measurement sensitivity is 0.01 mm/Hz. If the signal is acquired over 1 s, then the measurement resolution would be 0.01 mm.
Using (17), displacement values can be estimated for each f sc . It can be seen from Fig. 13 that the displacement distribution of an eccentric shaft is similar to a sinusoidal distribution function, which agrees with the displacement function of an unbalanced shaft. At a given angular speed ω, the distribution of s can be fit to a sinusoidal function as shown in Fig. 14 . Hence, the displacement function can be written as
where A = −e, which denotes the eccentricity of the shaft and is unknown and B = s 0 which is a constant representing the displacement of a normal shaft. Fig. 15 shows a comparison between the reference simulation results and the modeling results. It is evident that the mathematical modeling results follow closely the reference simulation results, and the small discrepancy is due to the curve fitting errors.
As a result, the property of the electrode in the frequency domain, being the frequency at the spectrum crest f sc , has been used to establish a method to measure the instantaneous displacement of the shaft and, hence, the vibration of an unbalanced shaft is quantified.
IV. EXPERIMENTAL RESULTS AND DISCUSSION
A. Experimental Setup
The electrostatic sensor was designed and fabricated based on a double-sided PCB. As shown in Fig. 17 , the electrode is a 4-mm-wide tin-plated copper strip embedded in the bottom layer of the PCB. The area around the electrode is filled with earthed copper to minimize the influence of external electromagnetic interferences. On the top layer of the PCB is the signal conditioning circuit. The current signal from the electrode is first converted into a proportional voltage signal using an I -V converter. To maximize the power transfer between the electrode and the signal conditioning circuit, a FET amplifier is chosen for I -V conversion. Then, the bipolar signal is further amplified and level shifted using a high-accuracy instrumentation amplifier to match the input range of a single-supply A/D converter. The instrumentation amplifier also provides an adjustable gain for the circuit using a potentiometer. Finally, a Sallen-Key low-pass filter is used to remove high-frequency noise from the sensor output and provide antialiasing in the A/D conversion. The sensor is shielded with an earthed metal screen to reject external electromagnetic interferences. Fig. 16 shows the block diagram of the signal conditioning circuit. The output sensor signal was sampled at a frequency of 50 kHz using a data acquisition device (National Instruments, model USB-6341) and processed on a host computer. A bespoke software system was developed using LabView in order to achieve an online displacement measurement.
Experimental tests were conducted on a purpose-built test rig as shown in Fig. 18 to validate the performance of the electrostatic sensor for vibration displacement measurement against a reference displacement sensor. The rotational speed of the motor is adjustable through the motor controller. A commercial laser-based tachometer (Monarch Instruments, PLT200) was used to obtain reference speed of the shaft. An eccentric metallic shaft with a diameter of 60 mm and an eccentricity of 0.5 mm from the rotation axis was tested. An electrostatic sensor (Fig. 17) was placed 2 mm away from the shaft surface. To simulate eight point charges on the rotor surface, eight charged markers, each being made from 2 × 2 mm 2 electret material film, were fixed evenly along the circumference of the eccentric shaft. Two of them were located at the shortest and longest distance with respect to the center of rotation. Electrets are dielectrics that have a quasi-permanent electrostatic charge. The electret markers were fabricated through a typical microfabrication process using Teflon fluorinated ethylene propylene (FEP) films. The FEP film with a thickness of 127 μm was charged with the use of a point-toplane corona discharge. After charging, the surface potential of the FEP electret film reaches −560 V [20] , [21] . The output of the sensor, resulting from the induced charge on the electrode, is derived and measured. Then, the frequency response of the output signal is obtained. A displacement sensor of eddy current type (Model LD701-2/5, OMEGA) was used as a reference instrument to obtain the relative distance between sensor and the shaft surface. All the tests were conducted in a laboratory with air conditioning (ambient temperature of 22°C and relative humidity of 49%).
B. Results and Discussion
A minimum strength of the electrostatic signals has to be maintained to achieve a valid measurement of the displacement using electrostatic sensors. The root mean square (rms) amplitude of an electrostatic signal is used to quantify the signal strength. Wang and Yan [15] show that if the electrode is moved away from the shaft surface, the effect of electrostatic induction on the electrode is reduced, leading to a weakened signal. In this experiment, the electrostatic sensor was placed 2 mm away from the shaft surface, the rms signal strength is about 77.25 mV for the signal conditioning unit used. In addition, the rejection of extrinsic noise due to a near power line (50 Hz) is efficient since an earthed metal screen is used to prevent the interference of electromagnetic fields. However, further investigation is required when applying this technique in an industrial environment with various sources of electromagnetic interference. Fig. 19 shows the output signal from the electrostatic sensor for one period which is the time of the shaft over one revolution.
For each period, the signal is composed by a series of eight pulses resulting from the eight markers on the shaft. It is clear that the amplitude of the signal from the eccentric shaft fluctuates due to the variations in the distance between the shaft and the sensor over one revolution.
Following the measurement methodology in Section III, the signal in Fig. 19 is first decomposed in the time domain into eight single pulses corresponding to the eight point charges on the shaft. Then, frequency analysis of each single pulses is performed in order to extract the frequency at the spectrum crest f sc . Fig. 20 shows the f sc values of the eight pulses for an eccentric shaft (e = 0.5 mm) at 148 r/min. Using the regression analysis in Section III, displacement values can be estimated for each f sc . It can be observed from Fig. 21 that the displacement distribution of an eccentric shaft can fit a sinusoidal function, which agrees with the simulation results in Section III. Fig. 22 shows a direct comparison of the displacement (ac component) of eight points on the eccentric shaft between the electrostatic sensor and the reference sensor (eddy current sensor). The shaft has an eccentricity of 0.5 mm and is rotating at 148 r/min. All the measured displacements in Fig. 20 are the average of 20 values with a maximum standard deviation of 4.5%. It is evident that the measured displacements are pretty close to the reference. Fig. 23 shows that the relative error of the measured displacement is within ±4.2%. Fig. 24 shows the comparison between the reference and the electrostatic sensor results using a sinusoidal curve fitting. The displacement measurement from the electrostatic sensor in Fig. 24 shows a peak-to-peak displacement of about 1 mm, independent of the rotational speed. The rms error between the two displacement curves resulting from the reference sensor and the electrostatic sensor is within 0.77%. Fig. 24(b) shows that the maximum relative error is within ±0.6% compared to ±4.2% of the discrete displacement values (Fig. 23) . This result suggests that applying sinusoidal curve fitting to the discrete displacement values with a known frequency (angular speed) has reduced the relative error. It can also be observed from Fig. 24(b) that the relative error in the displacement measurement increases when the displacement decreases. The capability of the system to measure the smallest displacement values (and hence higher measurement resolution) can be achieved by improving the data acquisition parameters (e.g., sampling frequency, analog-to-digital converter resolution, and so on).
V. CONCLUSION
The frequency response properties of an electrostatic sensor have been used to detect and quantify an unbalanced shaft through displacement measurement. Experimental results have demonstrated that electrostatic sensors can be used to measure the displacement of an eccentric shaft. Hence, the vibration of an unbalanced shaft can be quantified. Results obtained have demonstrated that the measurement system performs well with a maximum error no greater than ±0.6% under all test conditions. Further research is required to investigate the effect of the markers size and dimensions on the accuracy and repeatability of the measurement. Moreover, the measurement resolution is expected to improve by optimizing the data acquisition parameters. Although this method has focused on the detection of static imbalance, it can be developed to detect and quantify the two other types of imbalance, i.e., the couple and dynamic imbalance.
